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Abstract

In this paper we consider the problem of finding the estimation of maximum number of zeros in a prescribed
region and the results which we obtain generalize and improve upon some well known results.
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1. Introduction

According to the Enestrom- Kakeya [2,5]: Let P(z) = >_I ;a;z' be a polynomial of degree n such that
0<ag < ay < ... <ap—1 < ay then all the zeros of P(z) lie in |z| < 1 and concerning the number of zeros of
the polynomial in the region |2| < %, the following result is due to Mohammad [6].

Theorem 1.1. Let P(z) = Z?:o a;z" be a polynomial of degree n such that 0<ag < a1 < ... < ap-1 < ap.
Then the number of zeros of P(z) in |z| < L, does not exceed

1 QA
14+ —log—.
+ log2 Ogao

In this paper we want to prove the following results. In fact the following results generalize some of the
results in [3,7-12].

2. Main results

Theorem 2.1. Let P(z) = Y i ja;z" be a polynomial of degree n > m > 2 with complex coefficients such
that

larg(a;)) — Bl <a< =, i=0,1,2,...,n, for some real B, ag # 0 and

N
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‘an’ > ’a'n—1| < ‘an—2‘ > ’an—i’)’ <2 ’an—m—i-l‘ < ’an—m’ > ’an—m—1’ >z ‘a2’ > ’al‘ > ’aO’
if both n and (n-m) are even or odd, (OR)
‘an’ > |an71| < |an72‘ > |an73| <. < ’anferl‘ > |anfm’ > |anfm71’ >z |(L2| > |CL1| > ’a0|

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even.
Then (i) the number of zeros of P(z) in |z| <ri, 0 < r < 1, does not exceed

1 log |an|(cosa + sina + 1) 4 2sina 3210 |ai| + 2Yicosa

log% lao|

if both n and (n-m) are even or odd
where Y1 = [(|an—a| + lan—a| + ... + |an—mi2| + [an-m|) = (lan-1] + |an-s| + .. + [an-m3| + |an—m11])],
OR
(i) the number of zeros of P(z) in |z| <ri, 0 < r1 < 1, does not exceed

1 log |an|(cosa + sina+ 1) + 2sina Z?;ol |a;| + 2Yacosa
log% lao|

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even
where Yo = [(lan—2| + |an—a| + ... + [an—m| + [@n—m+1]) = (lan-1] + |an—3| + ... + [an—m+a| + |an—m+2])]-

Corollary 2.2. Let P(z) =Y., a;z" be a polynomial of degree n > m > 2 with complex coefficients such
that larg(a;)| < 5 fori=1,2,..,n,a9 # 0 and

’an’ > |an—1‘ < ‘an—2’ > > ‘an—m—}—l‘ < ‘an—m‘ > ‘an—m—l‘ > .2 |a2‘ > ’CL1| > ‘aO’
if both n and (n-m) are even or odd, (OR)
’an| > |an—1| < ‘an—2| > ... < ‘an—m+1| > ‘an—m| > ‘an—m—l‘ > |a2‘ > |a1| > |a0|

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even.
Then (i) the number of zeros of P(z) in |z| < &, does not exceed
1 ]an] +Y:

1 l
" log2 " ao]

if both n and (n —m) are even or odd,

where Yl = [(|a‘n72| + ‘an74’ + ...+ |anfm+2| + |anfm|) - (’an71| + |an73| + ...+ |anfm+3| + |a/nfm+1|)]7
OR

(ii) the number of zeros of P(z) in |z| < %, does not exceed

1 ; lan| + Yo

1
- log2 0" ao

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even,
where Yz = [(lan—2| + |an—a| + ... + [@n—m| + [an—mt1]) = (|an—1] + |an—3] + ... + [@n—mta| + [@n—mt2])]-

Remark 2.3. By taking a = =0and r; = % in Theorem 2.1, it reduces to Corollary 2.2
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Theorem 2.4. Let P(z) = >, a;z" be a polynomial of degree n > m > 2 with complex coefficients such
that

larg(a;) — Bl <a < —, i=0,1,2,...,n, for some real B, ag # 0 and

IN o]y

’an| < |an—1| > ‘an—2| < .. ‘an—m+1| > ‘an—m| > ‘an—m—l‘ 2= |a2‘ > |a1| > |a0|

if both n and (n-m) are even or odd,

OR

’an| < |an—1| > ‘an—2’ <2 ‘an—m+1| < ‘an—m| > ‘an—m—l‘ 2 > |a2‘ > |CL1| > ‘QO’

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.
Then (i) the number of zeros of P(z) in |z| <riy, 0 < r < 1, does not exceed

1 log |an|(cosa + sina + 1) 4+ 2sina Z:‘L;ol |a;| + 2Y3cosa
log% lao|

if both n and (n-m) are even or odd,
where Y3 = [(|an—1| + |an—3[ + .. + |an—ms3| + |an—m+1]) = (lan] + |an—2] + .. + |an—m1a| + |an—m2])].
OR
(i) the number of zeros of P(z) in |z| <ri, 0 < ry < 1, does not exceed

1 log |an|(cosa + sina + 1) + 2sina Z?:_ol la;| + 2Y cosa
logy; |aol

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even,

where Yy =[(|an—1| + |an—s| + .- + |an—m+2| + |@n—m])
— (lan| + lan—2| + |an-a| + - + |an—m+3| + |an—m-+1])]-

Corollary 2.5. Let P(z) = Y. ,a;z" be a polynomial of degree n > m > 2 with complex coefficients such
that |arg(a;)| < 5, fori=0,1,2,...,n, ag # 0 and

|an’ < |an71| > |an72‘ < |an73| > ... < |anfm+1‘ > |anfm’ > |anfm71| >z |a2| > |CL1| > ’(I0|
if both n and (n-m) are even or odd, (OR)
|an’ < |an71| > |an72‘ < |an73| > > |a/nfm+1‘ < |anfm’ > |anfm71| >z |a2| > |a1| > ’a0|

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even.
Then (i) the number of zeros of P(z) in |z| < L, does not exceed

1 I |an|—|—Y3

1
" log2 |ao|

if both n and (n —m) are even or odd,

where Yz = [(lan-1| + |an—3| + .. + |an—m+3| + [an—m+1]) = (lan| + [an—2| + ... + |an—m+a| + |@n—m+2])],

OR
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(ii) the number of zeros of P(z) in |2| < 3, does not exceed

1 ; lan| + Yy

1
" log2 " ag

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even.
where Yy =[(|lan—1| + |an—3| + ... + [an—m=+2| + |an—m])
= (lan| + lan—2| + |an—a| + . + |an—m+3| + |an—m-+1])]-
Remark 2.6. By taking a = =0and r; = % in Theorem 2.4, it reduces to Corollary 2.5.

Theorem 2.7. Let P(z) = >, a;z" be a polynomial of degree n > m > 2 with complex coefficients such
that

larg(a;) — Bl <a< —, i=0,1,2,...,n, for some real B, ap # 0 and

N

‘an’ > ’an—1| < ‘an—Q‘ > ’an—?)’ <2 ’an—m—f—l‘ < ’an—m’ < ’an—m—1’ <...< ‘CLQ’ < |a1‘ < ’a0|
if both n and (n-m) are even or odd (OR)
‘an’ > ’an—1| < ‘an—Q‘ > ’an—3| <..< ’an—m—i-l‘ > ’an—m’ < ’an—m—1’ <..< ‘a2’ < |a1‘ < ’a0|

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even.
Then (i) the number of zeros of P(z) in |z| <ri, 0 < r1 < 1, does not exceed

1 log(’an‘ + |ao|) (cosar + sina + 1) + 2sina X1} |ag| + 2\ cosa

log |aol

if both n and (n-m) are even or odd
where )\1 = [(|anf2| + ‘an74’ + ...+ |anfm+2| + |an7m|) - (’an71| + |an73| + ...+ |(Ln7m+3| + |a/nfm+1|)]7
OR
(ii) the number of zeros of P(z) in |z| <11, 0 < r; < 1, does not exceed

1 log(|an| + |aog|)(cosa + sina + 1) + 2sina Z?:_ll |a;| + 2X\acosa
log% lao|

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even
where Ay = [(lan—2| + |an—a| + ... + |an—m+3| + [an—m+1]) = (lan-1| + |an-3| + ... + |an—m+2| + [an—m])]-

Corollary 2.8. Let P(z) =Y., a;2" be a polynomial of degree n > m > 2 with complex coefficients such
that larg(a;)| < 5, fori=0,1,2,..,n, ag # 0 and

’an’ > |an—1‘ < ‘an—2’ > .2 ‘an—m—&-l‘ < ‘an—m‘ < ’an—m—l‘ <..< |CL2‘ < ’a1| < ‘a0’

if both n and (n-m) are even or odd,
OR
’an| > |an—1| < ‘an—2| > ... < ‘an—m+1| > ‘an—m| < ‘an—m—l‘ <..< |a2‘ < |a1| < |a0|
if mis even and (n-m) is odd (or) if n is odd and (n-m) is even.
Then (i) the number of zeros of P(z) in |z| < 5, does not exceed
1 lan| + |ao] + A1

1 l
- log2 |aol

if both n and (n —m) are even or odd,

where A\1 = [(|an—2‘ + ‘an—4’ + ...+ ‘an—m+2‘ + ‘an—m‘) - (’an—ﬂ + |an—3‘ + ...+ ’an—m—l—?)’ + |an—m+1’>]7
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OR

i) the number of zeros of P(z) in |z| < L, does not exceed
(it) 2

1 A
14 loglanl + |ao| + A2
log2 |aol

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even,
where Ay = [(lan—2| + |an—a| + ... + [@n—m+3| + [an—m+1]) = (lan—1] + |an—s| + ... + [an—m+2| + |an—m])].
Remark 2.9. By taking o« = =0 and ry = % in Theorem 2.7, it reduces to Corollary 2.8.

Theorem 2.10. Let P(z) = Y " a;2" be a polynomial of degree n > m > 2 with complex coefficients such
that .
larg(a;) — Bl < a < BL 1=0,1,2,....,n, for some real 3, ag # 0 and

lan| < lan—1] > lan—2| < lan—3| > ... < lan—m+1| 2 |an—m| < |an—m-1| < ... <lazg| < las| < lag
if both n and (n-m) are even or odd,
OR
lan| < lan-1| > lan—2| < lan—3| > ... > |an-m+1| < [an-—m| < lan—m-1] < ... < laz| < a1 < ag
if nis even and (n-m) is odd (or) if n is odd and (n-m) is even.

Then (i) the number of zeros of P(z) in |z| <ri, 0 < r1 < 1, does not exceed

1 log lao|(cosa + sinac+ 1) + 2sina >, |a;| + 2A3cosa
log% lag|

if both n and (n-m) are even or odd,
where Xs = [(Jan1] + [an_s] & -~ + [an—msa| + lan—ms1]) = (a2l + [an_a] & - + [anms2] + [an_m])],
OR
(i) the number of zeros of P(z) in |z| <ri, 0 < ry < 1, does not exceed

1 log lao|(cosa + sina + 1) 4+ 2sina > |as| + 2 qcosa
log% lao|

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even,
where A\y = [(‘an—ﬂ + ’an—3‘ + ...+ ’an—m+4’ + ’an—m+2’) - (‘an—Q‘ + ’an—4’ + ...+ ‘an—m+3‘ + ‘an—m—s—l‘)]'

Corollary 2.11. Let P(z) =Y 1, a;z" be a polynomial of degree n > m > 2 with complex coefficients such
that larg(a;)| < 5, fori=0,1,2,...,n, ag # 0 and

|an’ < |an71| > |an72‘ < |an73| > ... < |anfm+1‘ > |anfm’ < |anfm71| <..< |a2| < |CL1| < ’(I0|
if both n and (n-m) are even or odd, (OR)
‘an’ < ’an—1| > ‘an—Q‘ < ’an—3| > ... 2 ’an—m—f—l‘ < ’an—m’ < ’an—m—l <..< ‘a2’ < |a1‘ < ’a0|

if nis even and (n-m) is odd (or) if n is odd and (n-m) is even.
Then (i) the number of zeros of P(z) in |z| < 3, does not exceed
1 ]a0| + A3

1 l
" 1092 ™" Jaql

if both n and (n —m) are even or odd,
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where A3 = [(lan-1]| + |an—3| + ... + |an—m+3| + [@an—m+1]) = (lan—2| + |an—a| + ... + [an—m+2| + |an—ml|)];

(OR) (ii) the number of zeros of P(z) in |z| < 5, does not exceed

1 A
1+ log|a0| M
log2 |aol

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even,

where Ay = [(lan—1] + |an—3| + ... + [@n—m+a| + [an—m+2|) = (lan—2| + [an—a| + ... + [an—m+3| + |an—m+1])]-

Remark 2.12. By taking o« = =0 and r; = % in Theorem 2.10, it reduces to Corollary 2.11.

We need the following lemmas for proof of the Theorems.

3. Lemmas

Lemma 3.1. Let P(z) =Y., a;z" be a polynomial of degree n with complex coefficients such that

larg(a;) — Bl < a < —; |ai—1| < |ai| for some i =0,1,2,...,n.

T
2

Then |a; — ai—1| < (|ai| — |ai—1])cosa + (|a;| + |ai—1])sina.
The above lemma is due to Govil [4].

Lemma 3.2. [1] : If f(z) is reqular f(0) # 0 and |f(z)| < M (M>0) in |z| <1 then the number of zeros of
f(z) in |z| <711, 0<ri<1 does not exceed

log X “IF O

T
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4. Proof of the Theorems
Proof of Theorem 2.1
Let P(2) = ap2™ + an_12""1 + ... + a1z + ag be a polynomial of degree n > 2.
Then consider the polynomial Q(z) = (1 — 2)P(z) so that
Q(z) =— an2" T+ (an — an-1)z" 4 ... + (a1 — ap)z + ayp.
Then for |z| > 1, we have
n
Q(2)] < lan] + Y lai — ai—1| + |ao]

=1

n—m

:|an| + ‘an - an—l‘ + ’an—l - an—2| + ...+ ’an—m—l—l - an—m‘ + Z |ai — Qi1
i=1
<an| + (|lan| — |an—1])cosa + (|an| + |an—1|)sina + (|an—2| — |an—1])cosa

+ (|an—2| + |an—1])sina + (Jap—2| — |an—3|)cosa + (|an—2| + |an—3|)sina

+ oo + (|an—m+2| = [an—m+1|)cosa + (|an—m+2| + |an—m+1])sina

n—m
+ (|an—m| = |an—m+1])cosa + (|an—m| + |an—m+1])sina + ... + Z (|lai| — |ai—1])cosa
i=1
n—m
+ Z (lai| + |ai—1])sina + |ag| if both n and (n —m) are even or odd ( by Lemma 3.1)
i=1
n—1
=l|an|(cosa + sina + 1) + 2sina Z la;| + 2Y7cosae — |ag|(cosar + sina — 1)
=0
n—1
< lap|(cosa + sina + 1) + 2sina Z la;| + 2Y1cosa.
=0

where Y1 = (|an—2| + |an—a| + ... + |an—m+2| + |an—ml)
= (lan-1] + lan—3| + ... + an—m+3] + |an—m+1])]-

By applying Lemma 3.2 to Q(z), we get that the number of zeros of Q(2) in |z| < r;, 0 < 1 < 1 does

not exceed

1 log |an|(cosa + sina + 1) 4 2sina 31— |a;| + 2Yicosa
log% laol

if both n and (n-m) are even or odd
where Yi = [(‘an—2’ + |an—4| + ...+ ’an—m+2‘ + ’an—m‘) - (|an—1| + ‘an—3’ + ...+ |an—m+3| + ‘an—m+1|)}-

Since the number of zeros of P(z) in |z| < r; , 0 < 71 < 1 is equal to the number of zeros of Q(z) in
|z| <7, if both n and (n-m) are even or odd, we get the required result.
Similarly we can prove that if n is even and (n-m) is odd (or) if n is odd and (n-m) is even, by re-arranging
the terms in the above proof.
That is the number of zeros of Q(z) in |z] <71, 0 < r1 < 1 does not exceed
1 |an|(cosa + sina + 1) + 2sina Y07 |ai| + 2Yacosa

log
log |ao

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even,

where Yz = [(|an—2| + [an—a| + .. + |an—mt3| + [@n—m+1]) = (lan-1] + [an—3] + ... + |an—mta| + |@n—m+2])]-
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This completes the proof of Theorem 2.1

Proof of Theorem 2.4
Let P(z) = apz" + An_12""Y + ... 4+ a1z + ag be a polynomial of degree n > 2.
Then consider the polynomial Q(z) = (1 — 2)P(z) so that
Q(2) = — an2™ + (ap — apn_1)2" + ... 4+ (a1 — a0)z + aop.

Then for |z|>1, we have

n
1Q(2)] < |an| + Z la; — a;—1| + |ao|

i=1

:|an| + |an - an—l‘ + ’an—l - an—2| + |an—2 - an—?” + ...+ |an—m+1 — Un—m

n—m
+ Z |ai — ai_ﬂ
=1

< an] + (Jan1] — lanl)eosor + (an-] + anl)sin + (Jan 1] — |an_s])cosa
+ (lap—1] + |an—2|)sina + (|an—3| — |an—2|)cosa + (|ap—3| + |an—2|)sina

+ oo + (Jan—ms1| = lan—m+2|)cosa + (|an—m+1| + |an—m+2])sina

n—m

+ (|an—m+1| — |an—m|)cosa + (|an—m+1| + |an—m|)sina + ... + Z (lai| — |ai—1])cosa
i=1
n—m
+ > (lail + |ai-1])sino + |aol
i=1
if both n and (n —m) are even or odd ( by Lemma 3.1 )
n—1
=|an|(cosa + sina + 1) + 2sina Z la;| + 2Y3cosa — |ap|(cosa + sina — 1)
=0
n—1
< |an|(cosa + sina + 1) + 2sina Z lai| + 2Y3cosa,
i=0

where Ys = [(|an—1| + |an—3] + ... + |an—m+3| + [an—m41])
= (lan| + an—2| + |an—a| + ... + [@n—m+a| + |an—m+2])]

By applying Lemma 3.2 to Q(2), we get that the number of zeros of Q(2) in |z] < r;, 0 < 71 < 1 does

not exceed
1

log%

log |an|(cosa + sina + 1) 4 2sina 317 |a;| + 2Yacosa
|aol '

if both n and (n-m) are even or odd, where

Y3 = [(‘anfly + |an73| + ...+ |anfm+3’ + |an7m+1’) - (|an| + ‘an72| + |an74| + ...+ |an7m+4’ + |an7m+2’)]

Since the number of zeros of P(z) in |z| <71, 0 < r; < 1 is equal to the number of zeros of Q(z) in
|z| <, if both n and (n-m) are even or odd, we get the required result.

Similarly we can prove that if n is even and (n-m) is odd (or) if n is odd and (n-m) is even, by re-arranging
the terms in the above proof.

That is the number of zeros of Q(z) in |z| < ry, 0 < r1 < 1 does not exceed

1 log |an|(cosa + sina + 1) + 2sina Z?:_()l la;| + 2Y cosa
log% lao|
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if n is even and (n-m) is odd (or) if n is odd and (n-m) is even, where

Yy = [(|an—1| + ‘an—3’ + ...+ |an—m+2| + ‘an—m|) - (’an’ + |an—2| + ‘an—4’ + ...+ |an—m+3| + |an—m+1|)]
This completes the proof of Theorem 2.4.

Proof of Theorem 2.7

Let P(2) = ap2™ + an_12""' + ... + a1z + ag be a polynomial of degree n > 2.
Then consider the polynomial Q(z) = (1 — z)P(z) so that

Q(2) = — an2™ + (ap — an_1)2" + ... + (a1 — ag)z + ap.
Then for |z|>1, we have

n
Q(2)] < lan| + Y lai — ai-1] + |ao|

=1

:‘an‘ + ‘an - an—l’ + ’an—l - an—Q‘ + ‘an—Z - an—S’ + ...+ ‘an—m—&—l — Qp—m

n—m
+ Z \ai - Gz‘—ﬂ
i=1

< Jan] + (Jan] — lan_1])cosa + (Jan| + lan_1])sin0: + (|an_3| — |an_1])cosa
+ (|an—2| + |an—1])sina + (|ap—2| — |an—3|)cosa + (|an—2| + |an—3|)sina
+ oo + (Jan—m+2| = lan—m+1|)cosa + (|an—m+2| + |an—m+1|)sina
+ (|an—m| = |an—m+1|)cosa + (|an—m| + |an—m+1|)sina
n—m n—m
+..+ Z (lai—1] — |ai|)cosa + Z (lai—1] + |ai])sina + |ao|
i=1 i=1
if both n and (n —m) are even or odd (by Lemma 3.1)
n—1
=(|an| + |ao|)(cosa + sina + 1) + 2sina Z |a;| + 2\ cosa
i=1
where A1 = [(|an—2| + |an—a| + ... + [@n—m+2| + |an—ml)
= (lan—1] + lan—s| + ... + |an—m+3| + |an—m+1])]

By applying Lemma 3.2 to Q(z), we get that the number of zeros of Q(z) in |z] < r;, 0 < 11 < 1 does

not exceed

1 log(’an| + |aog|)(cosa + sina + 1) + 2sina Z?:_ll |ai| + 2\ cosa
log% lag|

if both n and (n-m) are even or odd, where
AL = [(’an—2| + |an—a| + - + lan—m+2| + [an—ml) = (|an—1| + |an—3] + ... + |an—m+3| + ’an—m—f—lm-

Since the number of zeros of P(z) in |z| < r; , 0 < 7 < 1 is equal to the number of zeros of Q(z) in
|z| <rq, if both n and (n-m) are even or odd, we get the required result.

Similarly we can prove that if n is even and (n-m) is odd (or) if n is odd and (n-m) is even, by re-arranging
the terms in the above proof.
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That is the number of zeros of Q(z) in |z| < ry, 0 < r1 < 1 does not exceed

1 log (|an| + |ao|)(cosa + sina + 1) + 2sina 3.0 |as| + 2X\2cosa
logs: |ao

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even, where
Ay = [(|anf2| + |an74‘ + ...+ |anfm+3| + |anfm+1|) - (’an71| + |an73| + ...+ |anfm+2| + |an7m|)}

This completes the proof of Theorem 2.7.

Proof of Theorem 2.10

Let P(2) = apz™ + apn_12""1 + ... + a1z + ag be a polynomial of degree n > 2.
Then consider the polynomial Q(z) = (1 — 2)P(z) so that
Q(2) = — an2" + (ap — an_1)2" + ... + (a1 — ag)z + ag.
Then for |z|>1, wehave

n
Q) < lanl + ) lai = ai—1| + |ao|

=1

:‘an’ + |an - an71| + |an71 - an72’ + |an72 - an73| + ...+ |anfm+1 — Qp—m

n—m
+ Z la; — a;—1]
i=1

< an| + (|an—1] — |an|)cosa + (|an—1| + |an|)sina + (|an—1| — |an—2|)cosa
+ (|an—1| + |an—2])sina + (|ap—3| — |an—2|)cosa + (|an—3| + |an—2|)sina
+ ...+ (|anfm+1| - |an,m+2|)cosoz + (|anfm+1| + |an7m+2|)5ina

+ (lan—m+1] = [an—ml|)cosa + (lan—mi1| + [an—m|)sina

n—m n—m
+oot Y (laica] = lag))cosa + Y (lai1| + |as|)sina + |aq|
i=1 i=1
if both n and (n —m) are even or odd (by Lemma 3.1)
n
=l|ag|(cosa + sina + 1) + 2sina Z la;| + 2Agcosa — |ay|(cosa + sina — 1)
i=1

n
< lap|(cosa + sina + 1) 4 2sina Z la;| + 2Azcosa
i=1
where A3 = [(lan—1] + |an—3| + ... + [an—m+3| + [an—m+1])
= (lan—2| + lan—a| + ... + [an—mia| + |an—m+2| + [an—ml)].

By applying Lemma 3.2 to Q(z), we get that the number of zeros of Q(2) in |z| < r;, 0 < 71 < 1 does

not exceed
1 log lao|(cosa + sina + 1) + 2sina -, |ag| + 2)\300304.
log% lao|

if both n and (n-m) are even or odd, where
>\3 = [(|an71| + |an73| +...+ ‘anfm+3‘ + |an7m+1|) - (’an72| + |an74| +...+ |an7m+4| + |anfm+2| + |an7m’)] .

Since the number of zeros of P(z) in |z| <71, 0 < r; < 1 is equal to the number of zeros of Q(z) in
|z] < ry, if both n and (n-m) are even or odd, we get the required result.
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Similarly we can prove that if n is even and (n-m) is odd (or) if n is odd and (n-m) is even, by re-arranging
the terms in the above proof.
That is the number of zeros of Q(z) in |z| < ry, 0 < r1 < 1 does not exceed

1 log lao|(cosa + sina + 1) + 2sinad -, |ag| + 2)\400504‘
log% |ao

if n is even and (n-m) is odd (or) if n is odd and (n-m) is even, where
Ay = [(‘an—ﬂ + lan—3| + .. + |an—m+ta| + [@n—m+2]) — (|an—2| + |an—a| + ... + [@n—m+3| + ‘an—m+1‘)]~

This completes the proof of Theorem 2.10.
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